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1 Model Theory Basics

1.1 First-Order Languages

Model theory1 is a branch of mathematics which more or less studies formal axiom
systems. It does this by representing the axioms as statements in a formal language,
and manipulating these statements using very carefully prescribed rules. If you can
“get from” one statement to another, you’ve got a proof. Model theory will also give
us tools we can use to show that proofs don’t exist, but we’ll get there in a bit.

Definition: A first-order language L is given by three pieces of information:

i) A set of function symbols F and positive integers nf for all f ∈ F

ii) A set of relation symbols R and postive integers nR for each R ∈ R

iii) A set of constant symbols C

We’re also allowed to use countably many variable symbols, and usually we’ll throw
in the “=” relation for free.

Example 1: L = {0, 1,+, ∗, <} is a language. 0 and 1 are constants. + and ∗
are binary functions, and < is a binary relation. We could use this language to talk
about a bunch of different structures, like N, Z, Q, R, or even something weird like
O.

1A really good reference for model theory is David Marker’s Model Theory: An Introduction.
I’m doing a fair amount of cribbing from him in this section, so I figured I should give credit where
credit’s due.
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Example 2: Let L = {R} be a language with a single binary relation. Notice that
this relation could be anything. We could use this language to talk about graphs, and
then xRy would mean “There is an edge from x to y.” Or we could use this language
to talk about a poset, and let xRy mean “x ≤ y.” Or we could use this language to
talk about the people in this room, and let xRy mean “x wants y’s socks.”

Now that we have languages, we can say things! We usually assume that the variables
and the constants, stand for Things. If I plug nf Things into a function f ∈ F ,
I’ll get another Thing. The things that I am referring to as Things are things that
most mathematicians would refer to as “terms”. More formally, we define a term
recursively as follows:

Definition: The set of L -terms is the smallest set T such that

i) All constant and variable symbols are in T .

ii) If t1, . . . , tnf
∈ T and f ∈ F , then f(t1, . . . , tnf

) ∈ T

So. Constants and variables are terms. And functions are machines for turning terms
into more terms. But so far we haven’t really said anything about our terms. That’s
what the relations are for. The simplest way to say something about your terms is
to plug nR of them into a relation R.

Example 1: If L = {0, 1,+, ∗, <}, then I can say x < y to indicate that x is greater
than y. I can say x+ 1 = 0 to indicate that x+ 1 is equal to 0.

Example 2: In the second example, what we’re saying depends on how we interpret2

the relation R. It looks like we have a very limited number of things we can say in
this language. More or less, we’re limited to xRy. But don’t forget that we get = for
free, so we can write x = y. And we’ll also be allowed to use formal logical symbols,
which means we can write

∀x(xR(Susan)),

which depending on the interpretation, can mean “All vertices have an edge from
x to Susan”, “All x’s are less than or equal to Susan”, or “Everyone wants Susan’s
socks.”

All of these statements are examples of well-formed formulas. The simplest well-
formed formulas are the atomic formulas, the ones that take the form t1 = t2 for
terms t1 and t2, or R(t1, . . . , tnR

) for a relation R and terms t1, . . . tnR
. We can define

all of the well-formed formulas recursively, as follows:

2This is a technical term. I’ll explain in a minute.
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Definition: The set of well-formed L -formulas is the smallest set W such that

i) All the atomic formulas are in W .

ii) If φ and ψ are in W , then (φ ∧ ψ) and (φ ∨ ψ) are in W .

iii) If φ ∈ W and x is a variable symbol, then (∃x φ) and (∀x φ) are in W .

Intuitively, it seems like there’s something missing from the formula x = y. Since x
and y are variable symbols, sometimes x is equal to y, and sometimes it isn’t. But
if we write ∀x∀y x = y, then we get a formula which is either always true or always
false. Such a formula is called a “sentence”.

Definitionish:3 A variable is called “bound” if it’s tied up with a ∀ or ∃ sym-
bol. Otherwise it’s called “free”. A formula with no free variables is called a “sen-
tence”.

1.2 L -Structures

An L -structure M consists of the following

i) A nonempty set M , which we call the universe of the structure.

ii) For every constant c ∈ C , an element cM ∈M.

iii) For every n-ary function symbol f ∈ F , a function fM : Mn →M .

iv) For every n-ary relation symbol R ∈ R, a relation RM ⊆Mn.

We call cM , fM and RM the interpretations of c f and R, respectively. Sometimes
we’ll get lazy and just write M when we mean M , or maybe when there’s no chance
we’ll get confused, we may write f or R when we mean fM or RM . If something
looks ambiguous and you’re not sure what it means, always feel free to check.

Essentially what we’re doing now is using our language to talk about real things.4

Each constant symbol in our language now represents a specific element of our model.
Each function symbol represents a specific function. Each relation symbol represents
a particular relationship.

Example 1: Letting L = {0, 1,+, ∗, <}, we can create a structure Z in which

3This isn’t rigorous, but it’s good enough.
4Well, real-ish things. If you’re a platonist, then you believe they’re real things.
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i) The universe is Z, the integers.

ii) The symbol 0 represents the number 0, and the symbol 1 represents the number
1. Formally, 0Z = 0 and 1Z = 1.

iii) The symbol + represents addition and the symbol ∗ represents multiplication.
Formally, +Z(x, y) = x+ y and ∗Z(x, y) = x ∗ y.

iv) The symbol < represents the less-than relation. Formally, (x, y) ∈<Z if and
only if x < y.

Example 2: Of course, there’s nothing saying that we have to interpret these sym-
bols in the traditional way. Remember when we introduced L = {R}, talked about
three potential interpretations:

• G = (V,E) is a graph. Our universe M is the set of vertices V . RM is the set
of pairs (x, y) ∈M2 where there is an edge between x and y in G.

• P = (P,≤) is a poset. Our universe M is the collection of poset elements P .
RM is the set of pairs (x, y) ∈M2 where x ≤ y.

• Our universe M is the collection of people at Mathcamp. RM is the set of pairs
(x, y) ∈M2 where x wants y’s socks.

Example 1 Again: We can also put a weird interpretation on L = {0, 1,+, ∗, <},
in which

i) The universe M is Z, the integers.

ii) The symbol 0 represents the number 0, and the symbol 1 also represents the
number 0. Formally, 0M = 0 and 1M = 0.

iii) The symbol + takes two integers and returns 0 no matter what. So does ∗.
Formally, +M (x, y) = 0 and ∗M (x, y) = 0.

iv) The symbol < is the binary relation that is always true! Formally, <M = M2.

1.3 Theories

In this context, we can talk about whether or not sentences are “true” or “false” in
our structure. For a given sentence φ, we write M |= φ, and say M “satisfies” φ if
the sentence φ is true in M . Otherwise we write M 6|= φ.
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Examples 1 and 1 Again: If we take the {0, 1,+, ∗, <}-structures Z and M
defined above, and for

φ = ∀x∀y x < y,

we have Z 6|= φ, and M |= φ.

Example 2: If we take the {R}-structure M defined above in which R is the sock
relation, then we have

M |= ∃x∀y yRx

While sentences are the statements that are universally true or false, other formu-
las are also very useful when discussing what is and isn’t true in particular struc-
tures.

Example. Let Z be the {0, 1,+, ∗, <}-structure defined above, and let φ be the
sentence x+y = z. We can use the notation φ(x, y, z) to indicate that φ is a formula
with three free variables. Then we can use elements of our model in the place of the
variables to obtain statements which can be judged to be either true or false within
our model:

• Z |= φ(1, 2, 3)

• Z 6|= φ(3, 2, 1)

• Z |= ∀x∃y φ(x, y, 7)

Definition: An L -theory T is any collection of sentences in the language L . If we
have M |= φ for every φ ∈ T , then we write M |= T , and say that M is a model
of the theory T . We define Th(M ) to be the collection of all sentences φ such that
M |= φ, and call this the theory of M .

1.4 Elementary Inclusion and Tarski-Vaught

Definition: Let M and N be L-structures. We say that M is a substructure of
N , or that N is an extension of M if

• M , the underlying set of M is a subset of N , the underlying set of N .

• For an r-ary function f , and n1, . . . , nr ∈ N , we have fN (n1, . . . , nr) =
fM (n1, . . . , nr).

• For an r-ary relation R, and n1, . . . , nr ∈ N , we have RN (n1, . . . , nr) is true if
and only if RM (n1, . . . , nr) is true.
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If M is a substructure of N , we call M an elementarily substructure of N , and N
an elementary extension of M if whenever M |= φ(n1, . . . , nr) for n1, . . . nr ∈ N ,
we have N |= φ(n1, . . . , nr). We write M � N .

In particular, notice that if M � N , we’ll have Th(M ) =Th(N ). Given an
infinite structure N , our goal is to find a countable substructure M such that
M � N .

Proposition:(Tarski-Vaught) Let M be a substructure of N . We have M � N
if and only if for any formula φ(v, w̄), and ā ∈ M , whenever exists b ∈ N such that
N |= φ(b, ā), we also have c ∈M such that N |= (c, ā).

Proof. Exercise!

The Tarski-Vaught criterion is often described as “∃’s go down.” The idea is that a
sentence with no quantifiers will obviously be true in M if and only if it is true in
N . And we can always avoid using ∀’s by writing ¬∃x¬. Any existential statement
that is true in M will be true in N , since whenever there exists an m ∈ M such
that something is true, that same m is also an element in N , and the statement will
be true for the same reason. So the only problem we could possibly encounter would
be an existential statement that is true in N but not in M .5

1.5 The Löwenheim-Skolem Theorem

The above discussion gives us all of the tools we need to prove the following result:
Proposition:(Löwenheim-Skolem Theorem) Let L be a countable language,
N an infinite L -structure, and X ⊆ N . Then there exists an elementary submodel
M � N such that X ⊆M , and |M | ≤ |X|+ ℵ0.

That is to say, there exists an elementary submodel of N which includes X and
at most countably many additional elements. In particular, we can let L = {∈},
the language of set theory, and we can let X = {∅}. So we can find a countable
elementary substructure of any L -structure.

Idea: A substructure is going to have to be closed under all functions in L . This
is easy to do. We start with the elements of our set X, whatever they might be,
and plug them into all the functions in L . And then we do it again. We’ll need to

5This is a good argument for why the Tarski-Vaught Test works, but it is by no means a proof.
The proof will involve inducting on the length of L -sentences.
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run down the details to make sure that this process will someday end, but this is
easy.

In order for the substructure to be elementary, it needs to satisfy all the same ex-
istential statements as the bigger model. This is not easy to do. But we can turn
it into the easy problem. The key to this proof is expanding our language L to
include an extra function fφ for each φ(x, ȳ), which will be interpreted such that
whenever ∃xφ(x, ā) is true in M , fφ(ā) will run out and find us an element b that
makes φ(b, ā) true.6 Once we have our expanded language and our expanded the-
ory, closing X under our new and improved collection of functions will give us an
elementary submodel. And if we’re lucky, it won’t be too big.

Proof. We’ll begin by defining our expanded language L ∗. We’ll do so by building
a countable sequence of languages

L = L0 ⊆ L1 ⊆ L2 ⊆ . . .

recursively as follows: Given Li, we allow

Li+1 = Li ∪ {fφ | φ(v, w1, . . . , wn) an Li formula, n = 1, 2, 3, . . .}

with each fφ an n-ary function symbol. In the model N , fφ will be interpreted to
be a function from Nn to N such that if there exists a b ∈ N such that N |= φ(b, ā),
then N |= φ(fφ(ā), ā). (If multiple appropriate elements of N exist, pick one.) If
there is no such b, then arbitrarily assign fφ(ā) a value in N .7 (Note: we will consider
φ(x, y) and φ(y, x) to be different sentences for this purpose.)

Each sentence φ has finite length, and we have a choice of at most countably many
symbols for each symbol in φ. This means that in each step, we add at most countably
many function symbols to our language. This means that all of the Li are countable
languages. We define L ∗ =

⋃
i∈ω Li. This is a countable union of countable sets,

and is thus countable.

Now that we’ve defined our new language L∗, we’re ready to define our substructure
M . We will start by recursively defining a sequence

X = X0 ⊆ X1,⊆ X2 ⊆ . . .

6The f is for fetch!
7This is like faking out your dog so he runs off looking for the ball but eventually gives up and

brings you a squirrel instead. Or something. I don’t have a dog.
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of subsets of N as follows:

Xi+1 = Xi ∪ {fN (x1, . . . , xn) | f an n-ary function in L ∗, xj ∈ Xi}

We will define M to be the L ∗-substructure of N with underlying set M =
⋃
i∈ωXi.

We need to prove thtat M is an elementary substructure of N .

To show that M is an L ∗-substructure of N , we need to show that for any n-ary
function f ∈ L ∗, and for any m1, . . . ,mn ∈ M , we have fN (m1, . . . ,mn) ∈ M .
Since m1, . . . ,mn ∈

⋃
i∈ωXi, there must be some specific Xi that contains all of

them. Then fN (m1, . . . ,mn) ∈ Xi+1.

To show that M is an elementary substructure, we must show that for any φ(v, w̄),
and ā ∈ M , whenever there exists b ∈ N such that N |= φ(b, ā), there exists c ∈ M
such that N |= φ(c, ā). We have (fφ)N (ā) ∈ M because M is an L ∗-substructure
of N . And by construction, N |= φ((fφ)N (ā), ā).

All that remains is to check that M is countable. We know that X0 is countable.
Now suppose Xi is countable. L∗ has only countably many functions f , each of which
takes only finitely many arguments, and we have ounly countably many choices for
the value of each argument, so we only add countably many things to get Xi+1. This
means that Xi+1 is countable. Thus M is a countable union of countable sets, and
is itself countable.

Thus we have shown that M � N , and that the underlying set of M is countable.

2 A Countable Model of ZFC

We’ve shown that any structure in the language of sets has a countable substructure,
but we haven’t really talked very much about the theory of sets. Zermelo-Fraenkl
set theory is usually axiomatized using the sentences below:

1. Extension ∀x(x ∈ y ⇔ x ∈ z)⇒ y = z.

2. Union ∀z∃y∀x(x ∈ y ⇔ ∃u(x ∈ u ∧ u ∈ z))

3. Power Set ∀z∃y∀x(x ∈ y ⇔ x ⊆ z)

4. Replacement ∀u∀v∀w(φ(u, v) ∧ φ(u,w)⇒ v = w)⇒ ∀z∃y∀v(v ∈ y ⇔ (∃u ∈
z)φ(u, v))
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5. Infinity ∃z(∅ ∈ z ∧ (∀x ∈ z)(∀y ∈ z)(x ∪ {y} ∈ z))

6. Foundation x 6= ∅ ⇒ (∃y ∈ x)(x ∩ y = ∅)

Fact: If ZF is consistent, then there exists a model of ZF.

This means that assuming the consistency of ZF, there exists a structure N satisfying
the six axioms above. And it has a countable substructure M with Th(M )=Th(N ).
This means that this countable structure M also satisfies these axioms.

However, we know that we can develop all of mathematics using just these axioms.
In particular, these axioms allow us to construct the real numbers, and all the un-
countable cardinals. How can a model that is countably infinite contain things that
are uncountable?

The answer is: it doesn’t, but it thinks it does. The problem lies, as it often does in
logic, in the insufficiency of our language. We have attempted to capture our intuition
about how the mathematical world works into a first-order logical language. And
when you try to very carefully, formally write out a set of rules, there is a lot of room
for creative misinterpretation.8

8Hence our extremely broad, all-encompassing Four Rules.
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3 Homework!

1) Let N be an L -structure, and let M be a substructure of N . Prove that if φ(x̄)
is an atomic formula and ā is a tuple in M of the correct length, then M |= φ(ā) if
and only if N |= φ(ā).

2) Let N and M be as above. Show that if φ(x̄) is any quantifier-free formula,
then and ā is a tuple in M of the correct length, then M |= φ(ā) if and only if
N |= φ(ā).

3) Prove the Tarski-Vaught theorem: Let M and N be as above, and suppose that
in addition, for any formula φ(v, w̄), and ā ∈ M , whenever exists b ∈ N such that
N |= φ(b, ā), we also have c ∈M such that N |= (c, ā). Show that M � N . (Hint:
Remember that if φ is an L -sentence, ∀φ is logically equivalent to ¬∃¬φ. Induct on
the number of quantifiers.)

4) Suppose M0,M1, and M2 are L -structures such that M0 �M2 and M1 �M2

Show that M0 �M1.
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